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The fluctuations of a  quantum degenerate Bose-Elnsteln gas 

1. Introduction 

*e  quots two familiar theorems on fluctuations   In the grand  ensemble  of 

Glbbe  (3.H.Fowler,   Statistical yechanlos,   Ilnd Edn.   195*?): 

<«n> - n)2>     -      kTb<n;/b/^ (1) 

<(<P> - P)2>     «      W^<p>/oV    -<bPAv)J (2) 

where ^n/ and /pV   are the  mean density and roean pressure  of  a given phase   In 

the ensemble,     >*•     Is the C/lbbs free energy  psr  particle  end V the vcluac  of 

the   phase.    Sq.(l)  can alao be expressed   In the  form 

<(Af/ff)      - - W/jV2(bp/.!>V),r] (?) 

giving the mean square relative  density fluctuations  of the  phase,    fha etsp 

from Eq.(l)  to 5q«(5)   le   valid  only   If    bp/oV    Is  not   zero;   the   Infinity  given 

then by 5q0(5) being spurioms,. 

In an Ideal Boee-Einstein gas we have 

kTb<n>/o^-    =    V(2TTmWA2)5/2l,(l/j^ejAAT (*) 

and In tarma of the degeneracy temperature TQ defined by y<*   • C,   or by 

<n>    «     v(2rrmlrt-0/h2)?/22i(l/35/2) (5) 

wa have 

kTo<n>/b/C    -   <n>(l/2.6l2)(TA0)5/2^(l/3^ei^tT      (*) 

Whan T->T    andyt{.->0,     the  aerlea diverges  and the relative fluctuations 

bacons formally  Infinite.     In fact    bp/bV becomes   zero hers  end the Eq.(5) 

ceases to be  valid  so this  Infinity  la spurious. 



2. Reciprocal relation between fluctuations  st the  degeneraoy  temperature 

Consider an  assembly  of  one   phase  only,   but divide this  phase  Into a  large 

number of equal  Imaginary  cells,   each containing a  large  number  of atoms. 

Every assembly  In the  ensemble   Is   provided with exactly the  same  geometrloal 

pattern of  cells.     The formalism of the grend ensemble  carries  over without 

materiel change  tb this  arrangement If for  the word   "phase"   one now substitutes 

the  word  "oell".    Eq0(5) now reads to give the  mesn relative  square  fluctuations 

In dsnsity  of one   particular  oell averaged  over the  ensemble,   end the   pressure 

derivative  on the right  lo the  average over the ensemble of the  pressure deriv- 

ative  for a  particular cell,     ^o obtain a relation dealing directly with ob- 

served  quantities for the   phase  as  a whole,   It Is necessary to average once 

again over  all the  cells   In the  sseembly0    We may write this formally  ss 

«(A?/p)2»      -    - kT4v2<o<P;/6V> ] (7) 

This  la the  average over the  assembly of the mean square fluctuations  In the  den- 

sity  of  any  one  cell;  but on the  right aide   Is the  average  over the  assembly  of 

the  pressure  derivative   In a cell,   and  this  la not what one   xould  meesure  for 

the   pressurs  derivative  that vanishes  at  the  degenerecy  temperature.    To repeat* 

the  derivative that venlahes  at the  degeneracy temperature  Is the  derivative  of 

the   mean pressure  of the whole  assembly whloh would be written    o«p>)/dV   » 

On this oell  ploture  we  also have to reinterpret Squ(2) for the  pressure 

fluotuatlonso    To do this  let us first average the  cell  pressures  over the whole 

assembly,  writing this (p\   and then average  over the  ensemble,   applying Sq0(2) 

to (p\    Instead  of pi 

<(<£<P»  " <P»2>     »      kTJ"o«p»/oY    -   <C*P>/dV)>] (8) 
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The   left hand side  la now exactly wh8t one would observe p»0f, the   man eauare 

fluctuations of the  assembly  pressure,   and the  right hand   B^de contatne both 

the  obiierved  preaaure coefflolent,   and the  preaaure  coefffioleT,t tnat BpPeare 

In the relative density fluctuations  In Bq,(7).    Putting *thej  observed   preaaure 

coefficient zero for the condition at the degeneracy teu^r«t.ure,  uetng Eq„(8) 

In Eq.(7) we find the following reciprocal relation bat*», e& fc*»  relative  mean 

square fluctuations of density snd  pressure: 

T    -    To: <Uo/p)2X(Ap/p)2> - (W/pV)2 (9) 

The  pressure h.Te refers to the mean value for the  asse^-jU ^y, tne density 

refers  to the cell,   and the volume V le  the volume  of  a oaJL .    The density 

fluotu8^ Ions cannot become  Infinite unless the  pressure tfUaoiuetlons veniaho 

The   pressure derivative  of the  Boae-Elnsteln gaa r9-m ina fflro for all 

T <  TQ,   »nd therefore Bq.(9)  is valid below the  degen8p-14y   temperature and 

we may writet 

T £    To« ((^o/?)2)((Ap/p)2)    -      (5°e>A£)(TQ/T? (10) 

where the density fluctuations refer to cells oonteiniugg ^  etoms.   end the 

pressure   Is thivt of the whole  assembly.    The  magnitude , 0p  ^ht  fluctuations 

therefore  Inerevses with decreasing Tt   approaching Inf^-^^. 0T,jy whan T 

approaches  absolute  zero. 

5o Fluctuations nt the Van der Waala critical potijyt 

*q«(9)  applies easily well to the fluotustlons ttQf e ola88lcal g88 at the 

Van der Weals orltlcal point,  where the right hand sij., ^ cgmse roUghly equal 

to 10/fo2,  where N la the number of atoms  per cell.     >.-„ m order  of ma)?nitude 

check on the relation,  we  may  easurae that the  pressure , ^,3 ^en8tty  on the   left 



are  related by the  Van der Waale  equation  In the   neighborhood of the  crltloel 

point:     b5p/oV5    -    - 9pcA^    and AP    '    (l/5o)(o5p/ov5)AV5 so that 

AP/PC      -       (5/2)(£^/<o0)5 (U) 

If  quite formally  of  course we equete the8e   quantities   Ap/p0  and ^p/p      to 

th* relative fluctuations,   to get the  order  of magnitude we  find 5q«(9) becomes 

<(Ao/?c)
2>   -       (128/27)^ N^ (12) 

where N la the  naan number  In the  cell.    CO. hae   a critical density Oo^^O g/cm- 

and  interatomic distance   l^c^A ,   so a sell oontalnlng  10° molecules would hove 

linear dinonslonB  about half  a wavelength of blue  light.    From EqB(l2) the  density 

of auoh a cell would fluctuate by  about b%,   and this   is  possibly  enough to 

account for  orltlcal opslaooence„ 

J«, Liquid helium? 

It has been suggested that the exletenoe  of these   large fluctuations  at 

the  degeneracy  temperature  of  a Bose-Elnsteln gas ought to show up in liquid 

ha Hum If the   latter has  a Boae-Sinstein explanation.    This  auggestlon does not 

hold up under examination,  because the neceasary condition for large fluctuations 

la the venlehlng of the  pressure  coefficient,   not the  nature of the statistics? 

the   pressure  coefficient dosanot vanish  In liquid helium at the/lambda pointo 
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